Background {#Sec1}
==========

There is little discussion of the practical application of the third-order elastic constants from the viewpoint of engineering. The third-order elastic constants and its mathematical procedure of practical materials were first reported by Hughes and Kelly ([@CR1]), however their mathematical treatments were difficult to understand.

In this paper we introduced the formulas to show the relationship between the velocity of the elastic wave propagation and the stresses under the assumption that the elastic waves propagate in the unidirectional loaded isotropic materials. Cast in plain mathematics, we use Murnaghans finite elastic theory (Murnaghan [@CR2]) combined with the Lagrangian description for a simpler description.

Three coordinate systems were used to treat the elastic waves in the finitely deformed solid; the first coordinate system corresponds to the non-deformed state, the second to the statically finitely deformed state, and the third to the state where an infinitesimal dynamical deformation is superposed on the finite deformation of the second state.

The application of our formulas in estimating unknown stresses were tested by measuring the ratio of change in propagation time to stress for the common steels. The points to be elaborated are based on followings;(A)Use of the Lagrangian description for an unloaded non-deformed isotropic object;(B)Propagation of an elastic wave in a finitely deformed object loaded and stressed in the uniaxial direction.(C)Derivation of the propagation velocity of the elastic wave in a loaded object from the viewpoint of Murnaghans's finite deformation theory;(D)Application of the third-order elastic constants to the stress measurement.
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======
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Following Murnaghan's theory, static stress $\documentclass[12pt]{minimal}
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Propagation velocity of elastic wave to the direction of static uniaxial stress {#Sec7}
-------------------------------------------------------------------------------
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Measurement of the propagation velocity of elastic waves and the third-order elastic constants {#Sec8}
==============================================================================================

Figure 1Specimen.

Figure [1](#Fig1){ref-type="fig"} gives a diagram of the axial cross-section through a specimen for tensile testing. In its fabrication, we had to take special care in mixing the raw materials, melting, casting, annealing, and precision working to fix the final form. As stress in the gripping regions is complicated, and should be eliminated, two specimens with identical grip sizes but different gauge lengths were prepared (Takahashi and Motegi [@CR3]).

A transducer was attached at the face of the long axis of the specimen fixed with a chuck with the lead wire. The transducer, a 2--5 MHz PZT, was used for both longitudinal and transverse waves in our experiment. The adhesion conditions between transducer and specimen produced an influence on the accuracy of measurements. The room temperature was kept constant during the measurement. In the above formulas (A)--(E) in the Sect. ([4.3](#Sec7){ref-type="sec"}), the propagation velocity of elastic waves depends on factor $\documentclass[12pt]{minimal}
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Engineering application of the third order elastic constants {#Sec9}
============================================================

When the third-order elastic constants are a priori obtained for the structural materials, the stress situation in various sites in the material can be estimated by measuring the elastic wave propagation times. These applications are given in both Japanese and USA patents (Takahashi [@CR5], [@CR4]).Figure 2Schematic diagram of stress measurement system.
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Figure [3](#Fig3){ref-type="fig"} shows the relationship between the change ratio in propagation time with stress for the carbon steel samples S20C and S30C.Table 1Chemical composition of S20C and S30C specimens (wt%)SampleCSiMnS20C0.220.290.52S30C0.320.310.81

Table [1](#Tab1){ref-type="table"} shows the chemical composition for both S20C and S30C samples of which were used in the stress experiment.

Discussion {#Sec10}
==========

The coordinates used for describing an isotropic solid before deformation, the large non-linear displacement, and the infinitesimal displacement of the elastic wave have been clearly defined using orthogonal Cartesian coordinates. The expressions for stress and strain as presented in Eqs. ([6](#Equ6){ref-type=""}) and ([21](#Equ21){ref-type=""}) are polynomial and the strain tensor is symmetric, so their development becomes comparatively easy. The theory reported by Hughes and Kelly ([@CR1]) for the measurement of the third-order elastic constants of practical materials is difficult because of its unique treatment of the strain and the use of special coordinate functions as well as of the bulk modulus to obtain the third-order elastic constants. Our method using the tensile testing machine is easy to apply in the measurement of the parameters necessary for the determination of these elastic constants. Murnaghans third-order elastic constants $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell, m, n$$\end{document}$ can be obtained from their changes with time. We demonstrated that they are very useful for the evaluation of stress in structural materials and in the identification of materials. The density of the material is not required in obtaining these changes and hence the method is of great benefit in practical applications. In establishing the equation of motion of elastic wave, the infinitesimal strain, stress, and Jacobian are found to be the main elements along with the load stress. The carbon content and the stress applied to the carbon steel are varied systematically in accordance with the relation of frequency ratio with stress (Takahashi et al. [@CR6]) and also from the relation of stress with the time rate of change of the longitudinal and transverse waves (Takahashi and Motegi [@CR3]). These provide the fundamental data for stress measurements and are essential for the identification of materials. In stress measurements of actual structures, it is necessary to collect quantitative data under various conditions as laboratory conditions are hard to establish.

Conclusion {#Sec11}
==========

The change of propagation velocity of elastic wave due to the static stress cannot be expressed essentially by the infinitesimal elastic theory. The second and the third-order elastic moduli and additional elastic strains contribute to the change in propagation velocity. The analysis of the applied stress, strain, infinitesimal stress of elastic wave and its strain related to an isotropic elastic body were performed using the theory of Murnaghan combined with the Lagrangian description. The formulas are lengthy, but the contents is simple. Our analytical procedure is different to that of Hughes and Kelly ([@CR1]), however the results obtained were equivalent in regard to the equations giving the propagation velocity of an elastic wave.

Finally this paper demonstrated that the third-order elastic constants for engineering materials were useful in estimating the unknown stresses of structural materials.

Nomenclature {#Sec20}
============
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We develop here an approximation for the partial derivative of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{\phi }$$\end{document}$ with respect to static strain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta _{11}$$\end{document}$ to illustrate our procedure:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{\partial \hat{\phi }}{\partial \eta _{11}}&= \lambda \bar{I}_1+ \ell \bar{I}_1 ^2 -2m \bar{I}_2 +2\bar{\eta }_{11}(\mu + m \bar{I}_1) +n(\bar{\eta }_{22}\bar{\eta }_{33} \nonumber \\&\quad -\bar{\eta }_{23}\bar{\eta }_{32})- \lambda I_1- \ell I_1^2 + 2m I_2 - 2\eta _{11}(\mu + m I_1) -n(\eta _{22} \eta _{33}- \eta _{23} \eta _{32}) \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} &=\lambda \hat{I}_1+ \ell ( \bar{I}_1 - I_1)(\bar{I}_1 + I_1)-2m \hat{I}_2 +2\mu \hat{\eta }_{11} + 2m(\bar{\eta }_{11} \bar{I}_1-\eta _{11} I_1) \nonumber \\& \quad+ n(\bar{\eta }_{22}\bar{\eta }_{33}-\eta _{22}\eta _{33}-\bar{\eta }_{23}\bar{\eta }_{32}+\eta _{23}\eta _{32}) \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} &=(\lambda + \ell ( 2 I_1 +\hat{I}_1))\hat{I}_1 -2m \hat{I}_2+2\mu \hat{\eta }_{11} + 2m(\bar{\eta }_{11} I_1 + \eta _{11}\hat{I}_1+ \hat{\eta }_{11} \hat{I}_1) \nonumber \\&\quad+ n(\hat{\eta }_{22} \eta _{33}+\eta _{22} \hat{\eta }_{33} + \hat{\eta }_{22} \hat{\eta }_{33}-\hat{\eta }_{23}\eta _{32}- \eta _{23}\hat{\eta }_{32}-\hat{\eta }_{23} \hat{\eta }_{32}) \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} &\approx(\lambda +2\ell I_1) \hat{I}_1 \nonumber \\& \quad -2m(I_1 \hat{I}_1-\eta _{11} \hat{\eta }_{11} -\eta _{22} \hat{\eta }_{22} - \eta _{33} \hat{\eta }_{33}- \eta _{32} \hat{\eta }_{23} \nonumber \\& \quad- \eta _{23} \hat{\eta }_{32} -\eta _{13} \hat{\eta }_{31}-\eta _{31} \hat{\eta }_{13} - \eta _{21} \hat{\eta }_{12}- \eta _{12} \hat{\eta }_{21}) \nonumber \\& \quad +2\mu \hat{\eta }_{11} + 2m I_1 \hat{\eta }_{11} + 2m \eta _{11} \hat{I}_1 + n ( \eta _{33} \hat{\eta }_{22} + \eta _{22} \hat{\eta }_{33} \nonumber \\& \quad - \eta _{32} \hat{\eta }_{23} - \eta _{23}\hat{\eta }_{32} ) \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} &=(\lambda +2\ell I_1- 2m I_1+2m \eta _{11}) \hat{I}_1 +(2m \eta _{11}+ 2\mu +2m I_1)\hat{\eta }_{11} \nonumber \\& \quad + (2m \eta _{22}+n \eta _{33})\hat{\eta }_{22} +(2m \eta _{33}+n \eta _{22}) \hat{\eta }_{33} +( 2m-n)(\eta _{32} \hat{\eta }_{23} \nonumber \\& \quad + \eta _{32} \hat{\eta }_{23} +\eta _{23} \hat{\eta }_{32})+ 2m (\eta _{21} \hat{\eta }_{12}+\eta _{12} \hat{\eta }_{21}+\eta _{13} \hat{\eta }_{31}+\eta _{31} \hat{\eta }_{13}) \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} &=(\lambda + 2\ell I_1+2m \eta _{11}+ 2m \eta _{11} \nonumber \\& \quad + 2\mu )\hat{\eta }_{11} +( \lambda +2(\ell -m) I_1 +2m \eta _{11}+2m\eta _{22}+ n\eta _{33})\dot{\eta }_{22} \nonumber \\& \quad + (\lambda + 2(\ell -m)I_1 + 2m\eta _{11} +2m \eta _{33} +n \eta _{22}) \hat{\eta }_{33} \nonumber \\& \quad + 2m (\eta _{12}\hat{\eta }_{21} + \eta _{21}\hat{\eta }_{12} + \eta _{13}\hat{\eta }_{31} + \eta _{31} \hat{\eta }_{13} ) \nonumber \\& \quad -( 2m-n)(\eta _{23} \hat{\eta }_{32} + \eta _{32} \hat{\eta }_{23}) \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} &=(\lambda + 2\mu + 2\ell I_1 +4m \eta _{11})\hat{\eta }_{11} +( \lambda +2\ell I_1- (2m -n) \eta _{33})\hat{\eta }_{22}+ (\lambda + 2\ell I_1 \nonumber \\& \quad - ( 2m-n)\eta _{22}) \hat{\eta }_{33} + (2m -n)(\eta _{23} \hat{\eta }_{32} + \eta _{32}\hat{\eta }_{23}) \nonumber \\& \quad + 2m(\eta _{13}\hat{\eta }_{31} +\eta _{31}\hat{\eta }_{13} + \eta _{12}\hat{\eta }_{21} + \eta _{21}\hat{\eta }_{12}) \end{aligned}$$\end{document}$$

Appendix E {#Sec16}
==========

We develop here an approximation for the stress in the infinitesimal deformed state using $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{T}_{11}$$\end{document}$ to illustrate our procedure:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \hat{T}_{11} &=\hat{J}_{1 \alpha }\frac{\partial \phi }{\partial \eta _{\alpha 1}} + J_{1\alpha }\frac{\partial \hat{\phi }}{\partial \eta _{\alpha 1}} \nonumber \\ &=\frac{\partial u_1}{\partial a_2}( \lambda I_1 + \ell I_1^2 - 2m I_2 +2\eta _{11} ( \mu +m I_1) +n (\eta _{22}\eta _{33}- \eta _{23}\eta _{32} )) \nonumber \\&\quad + \frac{\partial u_1}{\partial a_2}(2(\mu + m I_1)\eta _{12} + n(\eta _{32} \eta _{13} - \eta _{33} \eta _{12})) \nonumber \\&\quad +\frac{\partial u_1}{\partial a_3}(2(\mu + m I_1)\eta _{13} + n(\eta _{23} \eta _{12} - \eta _{22} \eta _{1 3})) \nonumber \\&\quad + \left( 1+\frac{\partial U_1}{\partial a_1}\right) (( \lambda +2\mu +2\ell I_1 +4m \eta _{11})\hat{\eta }_{11} +(\lambda +2\ell I_1 \nonumber \\&\quad -(2m-n)\eta _{33})\hat{\eta }_{22} \nonumber \\&\quad + (\lambda + 2\ell I_1 - (2m-n) \eta _{22})\hat{\eta }_{33} + (2m - n)(\eta _{23}\hat{\eta }_{32}- \eta _{32}\hat{\eta }_{23}) \nonumber \\&\quad +2m(\eta _{13}\hat{\eta }_{31} + \eta _{31}\hat{\eta }_{13} + \eta _{12}\hat{\eta }_{21} +\eta _{21}\hat{\eta }_{12})) \nonumber \\&\quad + \frac{\partial U_1}{\partial a_2}(( 2m -n)\eta _{12}\hat{\eta }_{33} + 2m\eta _{12}( \hat{\eta }_{11} + \hat{\eta }_{22)} \nonumber \\& \quad + (2\mu +2m I_1 - n\eta _{33})\hat{\eta }_{12} + n(\eta _{32} \hat{\eta }_{13} - \eta _{13} \hat{\eta }_{32})) \nonumber \\&\quad + \frac{\partial U_1}{\partial a_3}((2m-n)\eta _{13}\hat{\eta }_{22} + 2m\eta _{13}( \hat{\eta }_{33} + \hat{\eta }_{11}) \nonumber \\&\quad + (2\mu +2m I_1 -n \eta _{22} ) \hat{\eta }_{13} +n( \eta _{23}\hat{\eta }_{12} + \eta _{12}\hat{\eta }_{23})) \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} &\approx \frac{\partial u_1}{\partial a_1}( \lambda I_1 + 2\mu \eta _{11}) +2\mu \eta _{12} \frac{\partial u_1}{\partial a_2} \nonumber \\& \quad + 2\mu \eta _{13} \frac{\partial u_1}{\partial a_3} + \frac{\partial U_1}{\partial a_1}(( \lambda +2\mu )\hat{\eta }_{11} +\lambda (\hat{\eta }_{22} + \hat{\eta }_{33})) \nonumber \\& \quad + (\lambda +2\mu +2\ell I_1+4m\eta _{11})\hat{\eta }_{11}+(\lambda +2\ell I_1)(\hat{\eta }_{22}+\hat{\eta }_{33}) \nonumber \\& \quad + (2m-n)(\eta _{23}\hat{\eta }_{32} + \eta _{32} \hat{\eta }_{23} - \eta _{33}\hat{\eta }_{22} - \eta _{22}\hat{\eta }_{33}) \nonumber \\& \quad +2m(\eta _{21} \hat{\eta }_{12}+\eta _{12} \hat{\eta }_{21}+ \eta _{13} \hat{\eta }_{31} + \eta _{31} \hat{\eta }_{13}) \nonumber \\& \quad + 2\mu \frac{\partial U_1}{\partial a_2} \hat{\eta }_{12}+ 2\mu \frac{\partial U_1}{\partial a_3} \hat{\eta }_{13} \end{aligned}$$\end{document}$$Using the formulas for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\partial u_1}/{\partial a_1}$$\end{document}$ etc in [Appendix C](#Sec14){ref-type="sec"}, we then obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \hat{T}_{11} &\approx (\lambda I_1 + 2 \mu \eta _{11})\left(\left( 1+\frac{\partial U_1}{\partial a_1}\right) \frac{\partial u_1}{\partial X_1} + \frac{\partial U_2}{\partial a_1}\frac{\partial u_1}{\partial X_2} +\frac{\partial U_3}{\partial a_1}\frac{\partial u_1}{\partial X_3} \right)\nonumber \\&\quad +2\mu \eta _{12}\left(\frac{\partial U_1}{\partial a_2}\frac{\partial u_1}{\partial X_1}+ \left( 1+\frac{\partial U_2}{\partial a_2}\right) \frac{\partial u_1}{\partial X_2}+ \frac{\partial U_3}{\partial a_2} \frac{\partial u_1}{\partial X_3}\right) \nonumber \\&\quad +2\mu \eta _{13} \left(\frac{\partial U_1}{\partial a_3}\frac{\partial u_1}{\partial X_1}+ \frac{\partial U_2}{\partial a_3}\frac{\partial u_1}{\partial X_2} + \left( 1+\frac{\partial U_3}{\partial a_3}\right) \frac{\partial u_1}{\partial X_3}\right) \nonumber \\&\quad + \frac{\partial U_1}{\partial a_1}(\lambda \hat{I}_1 +2\mu \hat{\eta }_{11}) +(\lambda +2\ell I_1) \hat{I}_1 + ( 2\mu +4m \eta _{11}) \hat{\eta }_{11} \nonumber \\&\quad +(2m-n)(\eta _{32}\hat{\eta }_{23}+\eta _{23}\hat{\eta }_{32}- \eta _{33}\hat{\eta }_{22}- \eta _{22}\hat{\eta }_{33}) \nonumber \\&\quad +2m( \eta _{31} \hat{\eta }_{13}+\eta _{13} \hat{\eta }_{31}+\eta _{12} \hat{\eta }_{21}+\eta _{21} \hat{\eta }_{12}) + 2\mu \frac{\partial U_1}{\partial a_2} \hat{\eta }_{12}+2\mu \frac{\partial U_1}{\partial a_3} \hat{\eta }_{13} \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} &\approx (\lambda I_1 +2\mu \eta _{11})\frac{\partial u_1}{\partial X_1}+ 2\mu \frac{\partial u_1}{\partial X_2} + 2\mu \eta _{13}\frac{\partial u_1}{\partial X_3} \nonumber \\&\quad + \left( \lambda +2 \ell I_1 + \lambda \frac{\partial U_1}{\partial a_1}\right) \hat{I}_1+\left( 2\mu \frac{\partial U_1}{\partial a_1} +2\mu + 4m \eta _{11}\right) \hat{\eta }_{11} \nonumber \\&\quad + (2m-n) (\eta _{32} \hat{\eta }_{23}+ \eta _{23} \hat{\eta }_{32}- \eta _{33} \hat{\eta }_{22} - \eta _{22} \hat{\eta }_{33}) \nonumber \\&\quad + 2m( \eta _{31} \hat{\eta }_{13} + \eta _{13} \hat{\eta }_{31} + \eta _{12} \hat{\eta }_{21} + \eta _{21} \hat{\eta }_{12}) + 2\mu \Bigl ( \frac{\partial U_1}{\partial a_2} \hat{\eta }_{12} + \frac{\partial U_1}{\partial a_3} \hat{\eta }_{13}\Bigl ) \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} & \approx ( \lambda I_1 +2\mu \eta _{11}) \frac{\partial u_1}{\partial X_1} + 2 \mu \eta _{12} \frac{\partial u_1}{\partial X_2} + 2\mu \eta _{13} \frac{\partial u_1}{\partial X_3} + \left( \lambda + 2\ell I_1 + \lambda \frac{\partial U_1}{\partial a_1} \right) \nonumber \\&\quad \Biggl(\left( 1+2\frac{\partial U_1}{\partial a_1}\right) \dot{\eta _1} + \left( 1+2\frac{\partial U_2}{\partial a_2}\right) \dot{\eta _2}+ \left( 1+2\frac{\partial U_3}{\partial a_3}\right) \dot{\eta _3} \nonumber \\&\quad + \left( \frac{\partial U_3}{\partial a_2} + \frac{\partial U_2}{\partial a_3}\right) \dot{\eta _4} +\left( \frac{\partial U_1}{\partial a_3} + \frac{\partial U_3}{\partial a_1}\right) \dot{\eta _5} +\left( \frac{\partial U_2}{\partial a_1} + \frac{\partial U_1}{\partial a_2}\right) \dot{\eta _6}\Biggl) \nonumber \\&\quad + \left(2\mu \left( 1+\frac{\partial U_1}{\partial a_1}\right) + 4m \eta _{11}\right) \left(\left( 1 + 2\frac{\partial U_1}{\partial a_1}\right) \dot{\eta _1} + \frac{\partial U_2}{\partial a_1}\dot{\eta _6} + \frac{\partial U_3}{\partial a_1}\dot{\eta _5}\right) \nonumber \\&\quad +(2m-n) \left( \eta _{32} \frac{1}{2} \dot{\eta _4} + \eta _{23} \frac{1}{2} \dot{\eta _4}-\eta _{33}\dot{\eta _2} - \eta _{22}\dot{\eta _3}\right) \nonumber \\&\quad + 2m \left( \eta _{31}\frac{1}{2}\dot{\eta _5} + \eta _{13}\frac{1}{2}\dot{\eta _5} + \eta _{12}\frac{1}{2}\dot{\eta _6} + \eta _{21}\frac{1}{2}\dot{\eta _6} \right) + 2\mu \frac{\partial U_1}{\partial a_2} \frac{1}{2}\dot{\eta _6} + 2\mu \frac{\partial U_1}{\partial a_3} \frac{1}{2}\dot{\eta _5} \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \hat{T}_{11} &\approx ( \lambda I_1 +2\mu \eta _{11}) \dot{\eta _1} +2\mu \eta _{12}\frac{\partial u_1}{\partial X_2} + 2\mu \eta _{13}\frac{\partial u_1}{\partial X_3} \nonumber \\&\quad + \left(\lambda (1 +2\eta _1) \dot{\eta _1} + ( 1+ 2\eta _2) \dot{\eta _2} + ( 1+ 2\eta _3) \dot{\eta _3} + \eta _4 \dot{\eta _4} + \eta _5 \dot{\eta _5} + \eta _6 \dot{\eta _6}\right) \nonumber \\&\quad + ( 2\ell I_1 + \lambda \eta _1 )( \dot{\eta _1} + \dot{\eta _2} + \dot{\eta _3}) +2\mu \left(( 1+3\eta _1) \dot{\eta _1} +\frac{\partial U_2}{\partial a_1}\dot{\eta _6} + \frac{\partial U_3}{\partial a_1}\dot{\eta _5}\right) \nonumber \\&\quad +4m \eta _1 \dot{\eta _1} + ( 2m -n)\left( \frac{1}{2}(\eta _{23} + \eta _{32}) \dot{\eta _4} - \eta _3 \dot{\eta _2} - \eta _2 \dot{\eta _3} \right) \nonumber \\&\quad +2m \left( \frac{1}{2}(\eta _{31} + \eta _{13})\dot{\eta _5} + \frac{1}{2} (\eta _{12} +\eta _{21})\dot{\eta _6}\right) + \mu \frac{\partial U_1}{\partial a_2} \dot{\eta _6} + \frac{\partial U_1}{\partial a_3} \dot{\eta _5} \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \hat{T}_{11} &\approx ( \lambda I_1 + 2\mu \eta _1 + \lambda ( 1+ 2\eta _1) +2 \ell I_1 + \lambda \eta _1 \nonumber \\&\quad + 2\mu ( 1+ 3\eta _1) +4m\eta _1) \dot{\eta _1} + (\lambda (1+2\eta _2) + \lambda \eta _1 +2\ell I_1 -(2m-n)\eta _3)\dot{\eta _2} \nonumber \\&\quad + (\lambda (1+2\eta _3) + \lambda \eta _1 +2\ell I_1 -(2m-n)\eta _2)\dot{\eta _3} + \left( \lambda \eta _4 + \frac{(2m-n)}{2} \eta _4\right) \dot{\eta _4} \nonumber \\&\quad +\left( \lambda \eta _5 + 2\mu \frac{\partial U_3}{\partial a_1} +m \eta _5 + \mu \frac{\partial U_1}{\partial a_3} \right) \dot{\eta _5} \nonumber \\&\quad +\left( \lambda \eta _6 + 2\mu \frac{\partial U_2}{\partial a_1} +m \eta _6 + \mu \frac{\partial U_1}{\partial a_2} \right) \dot{\eta _6} + 2\mu \left( \eta _{12} \frac{\partial u_1}{\partial X_2} + \eta _{13} \frac{\partial u_1}{\partial X_3} \right) \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \hat{T}_{11} &=( \lambda + 2\mu +( \lambda + 2\ell ) I_1 + ( 3\lambda +8\mu + 4m) \eta _1) \dot{\eta _1} \nonumber \\&\quad +( \lambda + ( \lambda +2\ell ) I_1 + \lambda \eta _2 - ( \lambda + 2m - n) \eta _3) \dot{\eta _2} \nonumber \\&\quad + (\lambda +( \lambda + 2\ell ) I_1 - ( \lambda + 2m -n) \eta _2 + \lambda \eta _3) \dot{\eta _3} +\frac{1}{2}(\lambda + 2m-n)\eta _4 \dot{\eta _4} \nonumber \\&\quad + \frac{1}{2} (2\lambda +3\mu +2m)(\eta _5 \dot{\eta _5} + \eta _6 \dot{\eta _6}) + 2\mu \Bigl ( \eta _{12}\frac{\partial u_1}{\partial X_2} + \eta _{13}\frac{\partial u_1}{\partial X_3} \Bigl ) \end{aligned}$$\end{document}$$

ST carried out the measurement of the third-order elastic constants and applications to practical materials and drafted the manuscript. RM participated in the experiment and the discussions. Both authors read and approved the final manuscript.

Acknowledgements {#d30e16084}
================

The authors would like to thank Hiroshi Iwasaki and Kazuhiko Seki for their fruitful discussions.

Compliance with ethical guidelines {#d30e16089}
==================================

**Competing interests** The authors declare that they have no competing interests.
